Abstract: Based on the study of the radial residual stress distribution on the macro curved interfaces of thermal barrier coating system (TBCs) for the hollow curved substrate structures, the hollow four-concentric-circle model was developed. And the concentric-circle model with a fine scaled sinusoidal interface was proposed to describe the stresses distribution on the rough interface of TBCs with macro curved geometry. The influences of the geometric and thermophysical parameters were discussed by the developed model. The results showed that the radial stress on the rough interface can be separated into two sections: the overall level stress from macro surface curvature and the local stress from local asperity of the interface. The overall level stress was determined by the thicknesses and the thermophysical parameters of each layer. It has been found that the ratio of local stress and overall level stress was influenced by the interface asperity, the ratio of elastic modulus and the ratio of thermal expansion coefficients of the layers beside the rough interface. Furthermore, the convex macro curvature of the substrate can induce tensile stress onto the interface. Especially at the sharp corners of the substrate, the small curvature radius can cause high stress which should be taken more care about the occurrence of spalling cracking at interface
Introduction
Thermal barrier coatings (TBCs) are usually used in high temperature applications to protect and insulate hot-section metal components, and hence prolong the operating life of equipment. However, during high temperature operation, the thermal grown oxide (TGO) usually forms along the bond coat/top coat interface, and then the residual stress generates by the mismatch in coefficients of thermal expansion during this process. These residual stress is characterized as the driving force for the failure of the coating system. Considerable effort has been devoted to analyzing these residual stresses. The strip systems are the most common used models. The first strip model attempting to relate the tangential residual film stress to the curvature of a bilayer film/substrate system was performed by STONEY [1] based on the laminated beam theory. Developed from Stoney's work, HSUEH [2] proposed a correct approximate solution of tangential residual stress distribution along the thickness direction in multi-layer and graded layer [3] strip systems. However, these above strip models could not get the normal residual stress of the interface of multilayer TBC system and just fit for the situation of planar smooth interface. On the other hand, many researches showed that the failures of the TBC systems always originated from some tips of interface asperity [4−5] . So, a two-concentric-circles model had been used firstly by Gong and CLARKE [6] to study the residual stresses in a coating formed on a wrinkled or asperity substrate. Then HSUEH et al [7] and ZHANG et al [8] had extended the two-concentric-circles model to fit for three or four layers TBC systems successfully. Concentric-circles models had explored the physical meaning about the variation regularity of the normal stress on the bondcoat/TGO and TGO/ceramic interface with the thickness of TGO changing. There are also many studies to report the stress on the interface asperity by finite element (FE) method. HERMOSILLA et al [9] used the coupled microstructural-mechanical FE analyses to study the out-of-plane tensile stress induced by TGO on interface asperity. By numerical simulation, BIALAS [10] modeled the TGO thickening and creep deformation on the rough interface. RANJBAR-FAR [11] . developed a FE model to evaluate the stresses on rough interface induced by the thermal cycling in a typical plasmasprayed TBCs. In general, by the above reported models and methods, the stress evolution on the interface asperity had been well researched. But these studies are all carried out without regard to the influence of macro curvature of the substrate surface. Actually, if the surfaces of substrates are macro curved and the coated TBC systems had the character with tiny interface asperity, the stress distribution on the interface should be determined both by micro and macro factors. Thus it is not suitable to use the existent models to study the normal stress distribution along the whole fluctuant interface of the situation about macro curved surfaces.
In this paper, a hollow four-concentric-circle model was proposed to describe the residual stress at the macro curved interfaces of TBC systems on hollow substrates, which is more suitable for the simulation of practical turbo blades. By this model, the influence about the hollow structure of the turbo blades on the TBC residual stress distribution has been discussed. Then, based on the above model, the distribution of residual stresses along the rough interface on a curved surface was simulated by finite element method (FEM). The residual stresses were separated into a macro stress component and a micro stress component. The primary influence factors about these two components have been also analyzed. At last, according to the practical surface geometry of turbo blades, the influence regularity of macro curvature on the residual stress on asperity interface has been discussed.
Analyses and discussion

Hollow four-concentric-circle model
For solid four-concentric-circle model, ZHANG [7] had obtained the solution of interface radial stresses σ a , σ b and σ c based on the well-established equations governing the stress distribution in thick-walled cylinder [12] . While sometimes the structures of the substrates are hollow, and therefore, based on Zhang's model [7] a hollow four-concentric-circle model here is developed, as shown in Fig. 1 . It is assumed that the residual stress is only generated due to the mismatch of thermo-physical properties when the whole TBC system is cooled from processing temperature to ambient temperature. And all layers are considered elastic and isotropic. The stress distribution on hollow model is deduced as follows.
Since the radial stresses σ a , σ b and σ c are located at the different interfaces of r=a, b and c, respectively, the radial stresses σ i,r and hoop stresses σ i,θ in layers of i=1, 2, 3, and 4 are: where r is the distance from the center of the circles. With a temperature change, ΔT, the strain can be discomposed of two parts: the elastic strain and the unconstrained thermal strain [7−8] . The hoop strain in layer i is [7−8] ,
where E, ν, α are elastic modulus, Poisson's ratio and the coefficient of the thermal expansion (CTE), respectively.
The continuity of the radial displacement at the interfaces should be maintained. With the hoop strain proportional to the radial displacement, the continuity condition can be expressed as [7−8] and σ c can be obtained and expressed as: 7  6  1  5  4  3  3  2  1   8  7  6  8  3  2  9  4  3  10  7 
where the parameters k 1 −k 10 are given by:
For a convex asperity of the TBC system, the radial stresses σ a , σ b and σ c correspond to the normal stresses at the interfaces of substrate/bond coat, bond coat/TGO and TGO/topcoat, respectively. It can be seen that besides the physical parameters (e.g. modulus, CTEs) the stresses σ a , σ b and σ c are also influenced obviously by the geometric parameters that the thicknesses of every layer which correspond to the radius, a, b, c and d, of the concentric-circles.
The previous studies showed the effects of micro asperity of interface and thicknesses of each layer on residual stress [8, 13] . In those studies the concentric-model were all used to simulate the micro interface asperity, and the macro shapes of the TBC system were always treated as a plat plane. In order to simulate the practical operation situation of complex-shaped turbo blades, the hollow fourconcentric-circle model has been proposed in this investigation. The hollow four-concentric-circle model shows that the residual stress of interfaces can also be induced by macro curvature of the substrate besides the interface asperity. The concentric-circle model with a fine scaled sinusoidal interface is discussed in details as follows.
Analysis of stress distribution at interface asperity and its influence factors
The schematic diagram of two-concentric-circle model united with a fine scaled sinusoidal interface is shown in Fig.2 . The macro curvature is simulated by a concentric-circle and the micro asperity is varied by a sinusoid function. To simplify the analysis, a two-layer-system is concerned.
The analysis is carried out by finite element method. Because of the symmetry, a quarter of the concentric-circle model is taken into consideration, as shown in Fig.2 . And to simulate the interface asperity, a fine scaled sinusoid with wavelength of λ and amplitude of a are used. The geometric and temperature parameters are listed in Table 1 . The value range of the material properties concerned are listed in Table 2 . If the substrate and coating in Fig. 2 are bondcoat and TGO respectively, the corresponding columns in Table 2 are adopted in the model and also in the other instances. The temperature is from t 0 to t 1 . Fig. 3(a) shows the radial residual stress distribution along the interface from point α to β in Fig.2 with varying the macro curvatures, R. The radial residual stress represents a sinusoid like with the same periodicity as the interface asperity. Meanwhile as radius, R, increases, the stress fluctuating position becomes lower. This is consistent with the results in the previous study [7, 10] . Using sine function (Eq. 4) to fit these curves, the fitting results show that the amplitude A r in Eq. 4, is independent of the interface macro radius, R (Fig. 3(a) ), and the position parameters, y 0 , decrease with the increase of R. Furthermore, as shown in Fig. 3(b) , y 0 follows the same regularity of the stress variation obtained by theoretical calculation (by Eq. 5) [6] which are based on curved interface modes without asperity. The above results indicate that A r is related to the local stress fluctuation and y 0 represents an overall level of the radial interface stress. And the value of y 0 can be treated as equal to σ R in Eq. 5 approximately. After divided by σ R on each side of Eq.4, the formula yields:
It can be seen that the overall stress level, σ R , can be derived by Eq. 5. A r /σ R represents the ratio of local and overall stress. To clarify the influence factors of A r /σ R , the discussion is as follows.
In general, for the thermoelastic distortion, the influence factors usually are some parameters of geometry, elastic mechanics and thermophysics [2−3, 7−8]. Therefore, the effects of interface asperity, elastic modulus，CTEs, and ΔT are taken into consideration in Fig. 4 . It can be seen that A r /σ R increases with increasing a/λ (Fig. 4(a) ) and α c /α s (Fig. 4(c) ), respectively. While it decreases with E c /E s (Fig. 4(b) ). Furthermore, as long as these ratios are fixed, the parameters of a, λ, α c , α s , E c and E s have no effect on A r /σ R (Figs. 4(a)−(c) ). Fig.4(d) also shows the independence between A r /σ R and ΔT. Fig. 3 Radial residual stress distribution along interface from point α to β (in Fig. 2 ) with different macro curvatures, R (σ r represent the fitting stress distribution function) (a) and comparison of y 0 and radial residual stresses calculated by Eq. 5 which represents the stress on macro curved interface without asperity (b)
Influence regularity of macro curvature on residual stress on asperity interface
In practical application, the TBC is usually deposited on the mechanical components with curved surface such as the turbo blades. With the increase of macro curvature at some sharp corners, the surface shape influence on the interface residual stress could become significant. Concerning the TGO/TBC interface, based on the above concentric-circle model with fine scaled sinusoidal interface, the influence regularity of macro curvature on the residual stress of interface is shown in Fig. 5 . According to the TBC system, the parameters used for Fig. 5 are listed in Table 3 . Usually, as the macro surface is planar, the normal residual stress on the convex asperity of the TGO/TBC interface is considered to be tensile while on the concave asperity it is compressive [6−8] . It can be seen in Fig. 6 that, for a convex macro surface, such tensile stress on convex asperity can be enhanced by the decrease of macro surface curvature radius. While the compressing stress on concave asperity can be reduced by the decrease of macro surface curvature radius. When the macro surface curvature radius gets smaller than a critical value, R c , the stress of concave interface will be changed from compressive to tensile. These results could all increase the possibility of the spalling cracking at the micro tip of the asperity interface and hence are detrimental to the lifetime prolongation of the coating system.
For the lifetime prediction, the value of macro critical radius, R c, should be the mainly concerned. Fig. 6 shows the influence of interface asperity on the critical radius when setting the interface wavelength, λ=8 μm. With the increase of the interface amplitude, R c decreased. This tendency demonstrates the possibility of the stress change from compressive to tensile, and this stress change can be elevated with increasing the interface asperity. Especially, as the interface amplitude, a, gets closed to 1.1 μm the critical radius R c reaches its minimum limit which has the similar magnitude of the interface asperity. It means that if the interface asperity get too serious (a was smaller than 1.1 μm in the case in Fig. 6 ), the critical radius R c would not exist and the sign of residual stress on tip of concave interface could not be changed by increasing the macro curvature any more. In the practical mechanical components, the area with R c equal to 1.1 μm represents the sharp corners (e.g. the tip of the exhaust edge on the turbo blade) where the failure of TBC happened the most possibly. Fig. 6 Relationship between critical macro curvature radius and amplitude of interface asperity as λ=8 μm 3 Summary and conclusion 1) Using the concentric-circle model with a fine scaled sinusoidal interface, the radial residual stress on the rough interface can be separated into two sections. One is the overall level stress caused by the thermal mismatch of macro layers, the other is local stress caused by the local asperity of the interface.
2) The influence factors on overall level stress are the macro curvature radius of substrate, the thickness of layers, the elastic modulus and the CTEs, etc, of each material beside interface. While the ratio of local stress and overall level stress is just influenced by three parameter ratios which are interface asperity, a/λ, the interface material modulus ratio E c /E s and the CTEs ratio α c /α s .
3) The convex macro curvature of the substrate can induce tensile stress at the interface. Especially at the sharp corners of the mechanical component, the smaller curvature radius can cause higher stress which should be taken more care about the occurrence of spalling cracking at interface.
